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This paper is concerned with the application of the p-Ritz method for the plastic buckling analysis of thick plates. In
order to allow for the eﬀect of transverse shear deformation in thick plates, the Mindlin plate theory is adopted. The plastic
buckling behaviour of the plate is captured by using the incremental and deformation theories of plasticity. The material
property of the plate is assumed to obey the Ramberg–Osgood stress–strain relation. The p-Ritz method will be applied to
obtain the governing eigenvalue equation for the plastic buckling analysis of uniformly stressed plates with edges deﬁned
by polynomial functions. In the p-Ritz method, the displacement functions of the plate are approximately represented by
the product of mathematically complete two-dimensional polynomial functions and boundary equations raised to appro-
priate powers that ensure the satisfaction of the geometric boundary conditions. The validity, convergence and accuracy of
the method were demonstrated for various plate shapes such as rectangular, triangular and elliptical shapes. A parametric
study was also undertaken to study the plastic buckling behaviour and the eﬀect of transverse shear deformation.
 2007 Elsevier Ltd. All rights reserved.
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The Ritz method is a commonly used method for plate analysis because of its simplicity. In this method, it
is necessary to approximate the displacement with suitable functions that satisfy the geometric boundary con-
ditions. By minimizing the total potential energy functional with respect to the parameterized displacement
functions, one obtains a system of homogeneous equations which forms the governing eigenvalue equation.
Since the convergence and accuracy of the method depend on the selection of appropriate displacement func-
tions, many researchers have proposed various admissible functions such as spline functions (Mizusawa et al.,
1979), and beam characteristic orthogonal polynomials (Bath, 1985). A breakthrough in automating the Ritz
method for analysis of a wide range of plate shapes and boundary conditions may be credited to Liew and
Wang (1992, 1993). They proposed that the Ritz functions be deﬁned by the product of mathematically com-
plete two-dimensional polynomial functions and boundary equations raised to appropriate powers that ensure
the satisfaction of the geometric boundary conditions. They published a series of papers on the elastic buckling0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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1995). Smith et al. (1999) studied the convergence of simple polynomials as well as orthogonal polynomials
(such as Chebyshev, Legendre, Hermite, and Laguerre) as Ritz functions for uniaxial plate buckling analysis.
They concluded that the simple polynomial gives distinct advantages over the orthogonal polynomials due to
its simplicity in implementation and computational ease.
With regards to plastic buckling of plates, various theories of plasticity have been proposed in the literature.
These theories can be categorized mainly under the incremental (ﬂow) theory of plasticity (Handelman and
Prager, 1948) and the deformation theory of plasticity (Illyushin, 1947). So far, only a few papers have
adopted the Ritz method for the plastic buckling analysis of plates despite extensive studies on their elastic
counterparts. Smith et al. (2003) used the Ritz method for the plastic local buckling analysis of steel plates
subjected to in-plane axial, bending and shear loading by using the incremental theory of plasticity. Their
study is, however, conﬁned to the treatment of rectangular plates and is based on the classical thin plate
theory.
Prompted by the lack of rigorous treatment of the subject, we present the p-Ritz method for plastic buck-
ling analysis of arbitrarily shaped thick plates with boundaries deﬁned by polynomial functions. In addition,
we also include the eﬀect of transverse deformation in the formulation so that the buckling solutions are not
overpredicted when dealing with relatively thick plates. In order to capture the inelastic eﬀect, we have
adopted the incremental and deformation theories of plasticity and the Ramberg–Osgood constitutive relation
for the plate material (Ramberg and Osgood, 1943). After providing the p-Ritz formulation for the plastic
buckling of plates, the validity, convergence and accuracy of the method in computing the plastic buckling
loads are demonstrated by considering rectangular, triangular and elliptical plate examples. The plastic buck-
ling behaviour and the eﬀect of transverse shear deformation are also investigated.2. Problem deﬁnition and formulation
Consider an isotropic, arbitrarily shaped plate of uniform thickness h and subjected to a uniform in-plane
compressive stress r as shown in Fig. 1. The plate edges may be deﬁned by polynomial functions. The edges
may take on any combination of simply supported, clamped and free edges. The plate material is assumed to
obey the Ramberg–Osgood constitutive relation as depicted in Fig. 2. The problem at hand is to determine the
plastic buckling stress of such an in-plane loaded plate.
According to the Mindlin plate theory, the admissible velocity ﬁeld is given by (Mindlin, 1951)tx ¼ z/x; ty ¼ z/y ; tz ¼ w ð1a–cÞwhere /x and /y are the rates of rotations in the y and x directions, respectively, and w is the transverse veloc-
ity. The strain rates corresponding to Eq. (1a–c) are given byx,
y,
a
a
Fig. 1. Mindlin plate of arbitrary shape subjected to uniform in-plane stress r.
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Fig. 2. Ramberg–Osgood stress–strain relation.
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ð3ÞAccording to the deformation theory of plasticity, the matrix elements are given byc11 ¼ 1 3 1 EtEs
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r2 ¼ r2x  rxry þ r2y þ 3s2xy ð4hÞwhere m is the Poisson ratio, E is the elastic modulus, and j2 the Mindlin shear correction factor.
By using the process of matrix inversion, we ﬁnally obtain the following constitutive equations:
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The ratios of the elastic modulus E to the tangent modulus Et and the secant modulus Es, at the onset of buck-
ling, can be expressed asE
Et
¼ 1þ ck r
r0
 c1
; c > 1 ð8aÞ
E
Es
¼ 1þ k r
r0
 c1
; c > 1 ð8bÞwhere r0 is a nominal yield stress, c and k are the Ramberg–Osgood parameters which can be obtained from
the stress–strain curve (see Fig. 2).
The stress–strain relations based on the incremental theory of plasticity (IT) can readily be obtained by set-
ting Es = E in Eqs. (4a–g).
If the tangent modulus and the secant modulus at the point of bifurcation is the same as the elastic mod-
ulus, i.e. Es = Et = E, Eqs. (7a–d) becomea ¼ 1ð1 m2Þ ð9aÞ
b ¼ mð1 m2Þ ð9bÞ
E
G
¼ 2ð1þ mÞ ð9cÞ
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Mindlin plates.
The strain energy, U, of the plate is given byU ¼ 1
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The boundary conditions for Mindlin plates are given by (Liew et al., 1998)
Simply supported edge (hard type) (S)Mnn ¼ 0; /s ¼ 0; w ¼ 0 ð15a–cÞ
Simply supported edge (soft type) (S*)
Mnn ¼ 0; Mns ¼ 0; w ¼ 0 ð16a–cÞ
Clamped edge (C)
/n ¼ 0; /s ¼ 0; w ¼ 0 ð17a–cÞ
Free edge (F)
Mnn ¼ 0; Mns ¼ 0; Qn  rn
ow
on
¼ 0 ð18a–cÞ
where Mnn is the bending moment, Mns the twisting moment, Qn the shear force, rn the in-plane compressive
stress, /n, /s the rotations and the subscripts n, s refer, respectively, to the normal and tangential directions at
the edge.
The adopted admissible p-Ritz functions which satisfy at least geometric boundary conditions for the
deﬂection and rotations of the plate are given by (Liew et al., 1998)
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2/(p2D). The plastic buckling stress parameter k is obtained by setting the
determinant of the [K] matrix in Eq. (25) to be equal to zero. For elastic buckling, the forgoing eigenvalue
problem can be expressed in the standard form of generalized eigenvalue problem and a standard eigenvalue
routine can be used to solve the problem. However, for plastic buckling, the matrix [K] depends nonlinearly on
the stresses since the parameters a, b, c, G contains the stress term. In order to solve this nonlinear eigenvalue
problem, the Sturm sequence iteration method with bisection strategy was adopted. Normally, the Sturm se-
quence procedure is done by the Gaussian elimination which reduces the matrix in to an upper triangular ma-
trix form (Gupta, 1978). The number of sign changes in the diagonal elements of the triangular matrix
indicates the number of eigenvalues of the matrix that are smaller than the trial stress level. It was found that
the built-in function ‘‘Eigenvalues’’ in MATHEMATICA (Wolfram, 1999) can be used instead of Gaussian
elimination. The use of built-in function ‘‘Eigenvalues’’ is found to be faster than using Gaussian elimination
in the determination of number of eigenvalues that are smaller than the trial stress. Therefore, the following
procedure was adopted for the calculations of plastic buckling stresses. A trial stress value of k is assumed and
the eigenvalues of matrix [K](ktrial) are calculated. Since the number of eigenvalues of [K] which are less than
ktrial is equal to the number of negative eigenvalues of [K](ktrial), the value of ktrial which give one negative
eigenvalue is sought. Hence once the value of ktrial that gives one negative eigenvalue is identiﬁed, a simple
bisection algorithm is used to solve the characteristic equation of the matrix [K] in order to achieve the desired
accuracy of the solution. In this way, the lowest eigenvalue of the matrix [K] will not be missed.
3. Veriﬁcation and convergence
In order to demonstrate the validity, convergence and accuracy of the p-Ritz method, several plastic buck-
ling problems of plates with various shapes are considered. In these problems, we adopt the aerospace material
6246 C.M. Wang, T.M. Aung / International Journal of Solids and Structures 44 (2007) 6239–6255Al-7075-T6 with the following properties: Poisson’s ratio m = 0.33, shear correction factor j2 = 5/6, and the
Ramberg–Osgood parameters k = 3/7 and c = 9.2 (taken from Bruhn, 1965).
3.1. Rectangular plates
For brevity and convenience, the boundary conditions of the plate will be represented by a four-letter des-
ignation, following the one used in Wang et al. (2001), in order to facilitate the comparison of results. For
example, a FSCS plate will have a free boundary condition at x = 0, a simply supported boundary condition
at y = 0, a clamped boundary condition at x = a and a simply supported boundary condition at y = b as
shown in Fig. 3.
Rectangular plates with two opposite sides simply supported while the other two sides take on any combi-
nation of boundary conditions are ﬁrst considered. These types of rectangular plates allow us to verify the
convergence of the Ritz solutions against the analytical solutions (Wang et al., 2001).
It is worth noting that, for the special case of uniformly stressed simply supported rectangular plate, the
analysis given in Wang et al. (2001) can be further simpliﬁed by noting that (a  b  2G/E) = 0. After some
simpliﬁcations, the exact expression of plastic buckling stress parameter k can be expressed in a neat transcen-
dental equation given byk ¼ 12aj
2ð1 m2Þðm2 þ n2f2Þ
12f2j2 þ EGp2as2ðm2 þ n2f2Þ
ð29ÞFor a square plate (f = 1), the integers m = n = 1 for the lowest plastic buckling stress parameter, i.e. from Eq.
(29) we obtaink ¼ 12aj
2ð1 v2Þ
6j2 þ EGp2as2
ð30ÞThe same expression for this buckling stress parameter for simply supported square plate can also be deduced
from its elastic counterpart based on the classical thin plate by using the relationship that was derived by
Wang (2004). Eqs. (29) and (30) will be used to verify the Ritz results for simply supported rectangular plates.
Tables 1–3 show the convergence and comparison studies for the plastic buckling stress parameters of rect-
angular plates under uniaxial, biaxial compression, and pure shear, respectively. It is observed in Tables 1 and
2 that the results for simply supported plates converge very fast while the results for plates with a free edge
converge slower. Generally, the reasonable accuracy is achieved when the degree of polynomial 12 is used.
Thus, we shall use p = 12 for subsequent calculations.C
S
S
F
x,
x
a
y,
y
y
bx
xy
Fig. 3. FSCS rectangular plate under in-plane stresses.
Table 1
Comparison and convergence study of kx for square plates under uniform uniaxial loading with various boundary conditions
BC p s = 0.001 s = 0.050 s = 0.075
IT DT IT DT IT DT
SSSS 8 4.0000 4.0000 3.4955 2.7954 3.3269 1.4920
10 4.0000 4.0000 3.4955 2.7954 3.3269 1.4920
Wang et al. (2001) 4.0000 4.0000 3.4955 2.7954 3.3269 1.4920
Handelman and Prager (1948) 4.0000 — 3.5740 — 3.5194 —
FSFS 8 1.9632 1.9632 1.8552 1.8388 1.3301 1.2001
10 1.9632 1.9632 1.8455 1.8299 1.3233 1.1977
12 1.9631 1.9631 1.8419 1.8265 1.3220 1.1973
14 1.9631 1.9631 1.8409 1.8256 1.3219 1.1972
Wang et al. (2001) 1.9616 1.9616 1.8407 1.8254 1.3218 1.1972
SSFS 8 2.2829 2.2829 2.0479 2.0222 1.3421 1.2176
10 2.2828 2.2828 2.0404 2.0155 1.3371 1.2160
12 2.2828 2.2828 2.0378 2.0131 1.3362 1.2156
14 2.2828 2.2828 2.0371 2.0125 1.3361 1.2156
Wang et al. (2001) 2.2811 2.2811 2.0369 2.0124 1.3360 1.2156
CSFS 8 2.3038 2.3038 2.0565 2.0303 1.3421 1.2178
10 2.3037 2.3037 2.0489 2.0235 1.3371 1.2161
12 2.3037 2.3037 2.0462 2.0212 1.3362 1.2158
14 2.3037 2.3037 2.0455 2.0206 1.3361 1.2157
Wang et al. (2001) 2.3019 2.3019 2.0454 2.0204 1.3361 1.2157
Table 2
Comparison and convergence study of kx for square plates under uniform biaxial loading with various boundary conditions
BC p h/b = 0.001 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
SSSS 8 2.0000 2.0000 1.8713 1.8649 1.1814 1.1477
10 2.0000 2.0000 1.8713 1.8649 1.1814 1.1477
Wang et al. (2001) 2.0000 2.0000 1.8713 1.8649 1.1814 1.1477
Durban and Zuckerman (1999) 2.0000 2.0000 1.8896 1.8830 1.1888 1.1543
FSFS 8 0.9159 0.9159 0.9054 0.9054 0.8604 0.8535
10 0.9159 0.9159 0.9041 0.9041 0.8597 0.8528
12 0.9159 0.9159 0.9035 0.9035 0.8595 0.8526
14 0.9159 0.9159 0.9033 0.9033 0.8595 0.8526
Wang et al. (2001) 0.9158 0.9158 0.9033 0.9032 0.8595 0.8526
SSFS 8 1.0287 1.0287 1.0073 1.0072 0.9390 0.9234
10 1.0287 1.0287 1.0054 1.0053 0.9384 0.9228
12 1.0287 1.0287 1.0047 1.0047 0.9383 0.9227
14 1.0287 1.0287 1.0046 1.0045 0.9383 0.9227
Wang et al. (2001) 1.0284 1.0284 1.0045 1.0044 0.9383 0.9227
CSFS 8 1.1104 1.1104 1.0816 1.0815 0.9941 0.9690
10 1.1104 1.1104 1.0790 1.0789 0.9935 0.9684
12 1.1104 1.1104 1.0781 1.0780 0.9933 0.9683
14 1.1104 1.1104 1.0779 1.0778 0.9933 0.9682
Wang et al. (2001) 1.1099 1.1099 1.0777 1.0777 0.9682 0.9682
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obtained by Eqs. (29) and (30). However, the results recalculated from Handelman and Prager (1948), Durban
and Zuckerman (1999) and Gerard and Becker (1957) are slightly higher than the present results. This is due to
the fact that the present study allows for the eﬀect of transverse shear deformation while aforementioned stud-
ies neglect this eﬀect.
Table 3
Convergence and comparison studies of plastic buckling stress parameter kxy for CCCC rectangular plates under shear
a/b
h/b p 1 2 3 4
IT DT IT DT IT DT IT DT
Elastic thin plate results 14.6421 10.2480 9.5343 9.2952
0.001 8 14.659 14.659 10.578 10.578 9.8601 9.8601 10.325 10.325
10 14.643 14.643 10.262 10.262 9.5575 9.5575 9.4936 9.4936
12 14.642 14.642 10.248 10.248 9.5353 9.5353 9.3406 9.3405
14 14.642 14.642 10.248 10.248 9.5341 9.5341 9.2984 9.2984
0.025 8 11.1994 7.1910 8.3101 6.6143 7.9557 6.5070 8.6245 6.6516
10 11.1781 7.1890 8.0692 6.5635 7.6356 6.4280 7.6610 6.4269
12 11.1770 7.1889 8.0591 6.5615 7.6044 6.4211 7.4493 6.3723
14 11.1769 7.1889 8.0587 6.5615 7.6029 6.4208 7.4231 6.3658
Gerard and Becker (1957) __ 7.2690 __ 6.6432 __ 6.4973 __ 6.4440
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Next we consider isosceles and right-angled triangular plates under uniform compressive stress. Figs. 4 and
5 show the conﬁgurations of in plane loaded isosceles and right-angled triangular plates with their coordinate
systems. Similar to rectangular plates, the boundary conditions are represented by a three-letter designation
which is arranged in the order starting from the left end edge (x = 0) followed by the other edges in anticlock-
wise direction.
Table 4 presents the comparison and convergence studies on the plastic buckling stress parameters of equi-
lateral triangular plates with the boundary conditions; S*S*S*, CCC and S*CC. The analytical plastic bucklingx, 
y, 
C
S*
F
a
b
Fig. 5. CS*F right-angled triangular plate and coordinate conversion.
x, 
y,  
C
S*
F
a
b
Fig. 4. CS*F isosceles triangular plate and coordinate system.
Table 4
Convergence and comparison studies of plastic buckling stress factors rhb2/(p2D) for equilateral triangular plates ða=b ¼ ﬃﬃﬃ3p =2Þ under
uniform compression
BC p h/b = 0.001 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
S*S*S* 8 5.3331 5.3331 2.7492 2.6572 1.6106 1.3670
10 5.3331 5.3331 2.7441 2.6542 1.6046 1.3662
12 5.3330 5.3330 2.7428 2.6533 1.6038 1.3661
Wang (2004) 5.3332 5.3332 2.8033 2.6885 1.8038 1.3912
CCC 8 14.8351 14.8351 4.8175 3.2301 4.5489 1.5973
10 14.8340 14.8340 4.8173 3.2301 4.5487 1.5973
S*CC 8 10.6051 10.6051 3.6207 3.0497 3.0713 1.5219
10 10.6050 10.6050 3.6171 3.0491 3.0684 1.5218
12 10.6050 10.6050 3.6164 3.0490 3.0681 1.5218
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been reported in Wang (2004). Again, these analytical solutions for simply supported equilateral plates can be
deduced from its elastic counterpart (Han, 1960) by solving the following transcendental equationTable
Conve
compr
BC
S*S*S
CCC
S*CCk ¼ 48aj
2ð1 v2Þ
9j2 þ 4p2EGas2
ð31ÞHowever, the adopted Ritz functions fail to satisfy the geometric boundary condition of hard type simply sup-
ported when the plate edge inclined (as in triangular plates) or curved (as in elliptical plates). Therefore the
plastic buckling stress parameters for simply supported presented herein are for soft type and these parameters
are slightly lower than their hard type counterparts obtained by Wang (2004). However, the buckling results
for the soft type simply supported become closer to their hard type counterparts when the plate thickness is
thin (for example h/b = 0.001 in Table 4). The convergence study for right-angled triangular plate with a/b = 1
is presented in Table 5. From Tables 4 and 5, it can be seen that the results associated with the degree of poly-
nomial p = 10 have converged well. Therefore, p = 10 will be adopted for the subsequent calculations of plas-
tic buckling solutions of triangular plates.3.3. Elliptical plates
An elliptical plate under uniform in-plane pressure as shown in Fig. 6 is considered. There are hitherto, no
studies have been done on plastic buckling of elliptical plates despite a few studies (Wang and Liew, 1993b;
Wang et al., 1994) been conducted on the elastic buckling of such plates. Therefore, the comparison studies5
rgence and comparison studies of plastic buckling stress factors rhb2/(p2D) for right angled triangular plates under uniform
ession (a/b = 1)
p h/b = 0.001 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
* 8 4.9998 4.9998 2.6971 2.6180 1.5605 1.3530
10 4.9998 4.9998 2.6920 2.6147 1.5548 1.3520
12 4.9997 4.9997 2.6905 2.6138 1.5538 1.3518
8 14.1625 14.1625 4.6217 3.2074 4.3551 1.5883
10 14.1417 14.1417 4.6193 3.2072 4.3537 1.5883
12 14.1412 14.1412 4.6193 3.2072 4.3537 1.5883
8 10.4139 10.4139 3.5857 3.0405 3.0192 1.5183
10 10.4130 10.4130 3.5801 3.0396 3.0133 1.5163
ab
x, 
y, 
Fig. 6. Elliptical plate under uniform compression and coordinate system.
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readily be obtained by setting Et = E in the formulation. However, as a special case, the elliptical plate
becomes a circular plate when a/b = 1 and the analytical plastic buckling solutions for circular plate has been
determined in Wang et al. (2001).
The exact expression of plastic buckling parameter for circular plates under uniform compression may be
expressed in the transcendental form ofTable
Conve
BC
S*S*S
CCC
Table
Conve
BC
S*S*S
CCCXJ 0ðXÞ
J 1ðXÞ ¼ 1
b
a
for simply supported plates ð32Þ
k ¼ aj
2ð1 v2Þ
0:6722j2 þ 0:8225 Er0as2
for clamped plates ð33Þwhere Jn(•) is Bessel function of the ﬁrst kind of order n andX ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12p2kj2
að12j2ð1 v2Þ  kp2s2EÞ=r0
s
ð34ÞThe comparison and convergence studies are presented inTables 6 and7 for circular plates (a/b = 1) and elliptical
plate (a/b = 2), respectively. The results for circular plate converge very fast and agree well with the existing exact7
rgence and comparison studies of plastic buckling stress factors for rhb2/(p2D) elliptical plates under uniform compression (a/b = 2)
p h/b = 0.001 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
* 8 1.2467 1.2467 1.2281 1.2280 0.9814 0.9762
10 1.2467 1.2467 1.2271 1.2270 0.9811 0.9759
12 1.2467 1.2467 1.2266 1.2265 0.9810 0.9758
8 4.2286 4.2286 2.6054 2.5403 1.5564 1.3379
10 4.2286 4.2286 2.6054 2.5403 1.5564 1.3379
6
rgence and comparison studies of plastic buckling stress factors rhb2/(p2D) for elliptical plates under uniform compression (a/b = 1)
p h/b = 0.001 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
* 8 1.7322 1.7322 1.6623 1.6617 1.0690 1.0663
10 1.7322 1.7322 1.6623 1.6617 1.0690 1.0663
Wang et al. (2001) 1.7322 1.7322 1.6622 1.6617 1.0690 1.0663
8 5.9503 5.9503 2.9035 2.7536 1.9673 1.4152
10 5.9503 5.9503 2.9035 2.7536 1.9673 1.4152
Wang et al. (2001) 5.9503 5.9503 2.9035 2.7536 1.9673 1.4152
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achieved. Therefore p = 10 will be adopted for the computation of buckling solutions for elliptical plates.
4. Parametric studies
In order to study plastic buckling behaviour of the plates and the eﬀect of transverse shear deformation in
the calculation of plastic buckling stress, a parametric study is carried out.
The variation of normalized plastic buckling stress with respect to b/h ratios are shown in Figs. 7–9 for
square, triangular, and elliptical plates with simply supported and clamped square plates under uniform stress.0
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Fig. 7. Normalized buckling stress versus b/h ratio for (a) SSS (b) CCC square plates.
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b/h ratio increases. In order to examine the eﬀect of transverse shear deformation, the buckling curves based
on the classical thin plate theory are also presented for comparison purpose. The buckling stress based on the
classical thin plate can be obtained by setting the shear correction factor (j2) to be a very large number, say
j2 = 1000 (see Table 8). It can be seen from Figs. 7–9 that the eﬀect of transverse shear deformation lowers the
buckling stress and the eﬀect is more signiﬁcant when the plate is thick. Note that, in those ﬁgures, the dashed
lines refer to the classical thin plate theory and the solid lines represent the Mindlin plate theory. In the plasticTable 8
Parametric study on the value of shear correction factor for simply supported square plate
j2 Uniaxial Biaxial
h/b = 0.001 h/b = 0.05 h/b = 0.1 h/b = 0.001 h/b = 0.1 h/b = 0.2
Incremental theory of plasticity
Mindlin plate theory 5/6 10.0737 4.5464 3.0377 2.0000 0.8084 0.6210
1000 10.0739 5.7023 5.6994 2.0000 0.8168 0.6700
Classical thin plate theory — 10.0739 5.7030 5.7030 2.0000 0.8168 0.6700
Deformation theory of plasticity
Mindlin plate theory 5/6 10.0737 0.9689 0.2712 2.0000 0.7300 0.2239
1000 10.0739 1.0008 0.2944 2.0000 0.7346 0.2270
Classical thin plate theory — 10.0739 1.0008 0.2945 2.0000 0.7346 0.2270
h/b = 0.001
h/b = 0.05
h/b = 0.075
h/b = 0.1
0
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Fig. 10. Plastic buckling stress parameter versus stress ratio b for SSSS square plate.
C.M. Wang, T.M. Aung / International Journal of Solids and Structures 44 (2007) 6239–6255 6253buckling analysis based on both plasticity theories, the eﬀect is not as signiﬁcant as that of the elastic buckling
analysis. For example, the reductions for SSSS square plate (b/h = 6) are about 13%, 4.8%, and 1%, respec-
tively, in the cases of elastic, IT and DT. Generally, the reductions are larger for the buckling stress associated
with IT when compared with the reduction in DT counterparts. Apart from the eﬀect of transverse shear
deformation, the buckling stresses associated with DT are consistently lower than their IT counterparts. It
can be seen that the diﬀerence between the buckling stresses obtained based on IT and DT increases with
the b/h ratio decreases, i.e. plate thickness increases. Moreover, the diﬀerence is more signiﬁcant in the case
of clamped boundary condition than simply supported one for the same b/h ratio.
Figs. 10 and 11 show the variations of plastic buckling stress parameter kx over a range of loading ratio b
(i.e. ry ¼ brx) for simply supported and clamped square plates. Since h/b ratio has a strong inﬂuence on the
plastic buckling behaviour, four diﬀerent thickness-to-width ratios, namely h/b = 0.001, 0.05, 0.075, and 0.1
are considered. For small h/b ratios, the plastic buckling stress parameter decreases steadily with the increasing
value of loading ratio b. For large h/b ratios and DT theory, the inﬂuence of stress ratio on the plastic buckling
stress parameter is minimal and negligible. On the other hand, a kink is observed on IT buckling curves of
larger h/b ratios (i.e. h/b = 0.1). It is believed that this unexpected buckling behaviour is observed due to
the mode switching.
In order to verify this hypothesis, we perform an analysis where the numbers of half wave of buckling
shapes were predetermined. The analysis is carried out for SSSS square plate and the results are shown in
Fig. 12. In this ﬁgure, the solid line refers to the buckling mode shape with m = 1 and n = 1 while the dashed
line represents the buckling mode shape with m = 2 and n = 1 (m and n are numbers of half wave in the x and
y direction, respectively). It can be seen that the plate ﬁrst buckles in a m = 2, n = 1 mode shape up to certain0
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Fig. 11. Plastic buckling stress parameter versus stress ratio b for CCCC square plate.
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Fig. 12. Mode switching with respect to stress ratio b for SSSS square plate (h/b = 0.1).
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ratio increases. This occurrence of m = 2, n = 1 mode shape is not usual in the case of elastic buckling for a
square plate. It is interesting to note that, only in the plastic buckling, such a two half sine waves buckling
mode shape is possible depending on the loading ratio for a square plate.
5. Conclusions
Presented herein is the p-Ritz method for plastic buckling of thick plates under uniform compressive stress.
The plate may take any shape deﬁned by polynomial functions. The eﬀect of transverse shear deformation is
taken into consideration by adopting the Mindlin plate theory. The plastic behaviour is modeled on the basis
of the incremental theory of plasticity and the Ramberg–Osgood stress–strain relation. Convergence and com-
parison studies against analytical solutions of various shaped plates showed that the p-Ritz method is reliable
in predicting accurate plastic buckling stress parameters. It was found that the same degree of polynomial is
needed to obtain converged results for plastic and elastic buckling analyses.
Based on the Ritz software that was developed, the plastic buckling curves of rectangular, triangular and
elliptical plates with simply supported and clamped boundary conditions are presented. These buckling curves
are of interest to designers and can be used to ﬁnd appropriate thickness of the plate with bearing in mind that
these buckling curves are generated from the analysis that neglect the initial imperfections and residual stres-
ses. It is found that the buckling stresses based DT are consistently lower than their IT counterparts. The dif-
ference increases with the plate thickness increases. The eﬀect of transverse shear deformation is found to
lower the plastic buckling stress and is generally more signiﬁcant for the analysis based on IT than that based
on DT.
Appendix A. Sample basic functions
The sample nondimensionalized basic functions are given in the following table for various shapes of plates
Boundary conditions /wb /
x
b /
y
bRectangular platesSSSS (n + 1)1(g + 1)1(n  1)1(g  1)1 (n + 1)0(g + 1)1(n  1)0(g  1)1 (n + 1)1(g + 1)0(n  1)1(g  1)0
CCCC (n + 1)1(g + 1)1(n  1)1(g  1)1 (n + 1)1(g + 1)1(n  1)1(g  1)1 (n + 1)1(g + 1)1(n  1)1(g  1)1
CSFS (n + 1)1(g + 1)1(n  1)0(g  1)1 (n + 1)1(g + 1)1(n  1)0(g  1)1 (n + 1)1(g + 1)0(n  1)0(g  1)0Isosceles triangular platesS*S*S* (n + 1)1(g  0.5 + 0.5n)1(g + 0.5  0.5n)1 (n + 1)0(g  0.5 + 0.5n)0(g + 0.5  0.5n)0 (n + 1)0(g  0.5 + 0.5n)0(g + 0.5  0.5n)0
S*CF (n + 1)1(g  0.5 + 0.5n)1(g + 0.5  0.5n)0 (n + 1)0(g  0.5 + 0.5n)1(g + 0.5  0.5n)0 (n + 1)0(g  0.5 + 0.5n)1(g + 0.5  0.5n)0Right triangular platesS*S*S* (n + 1)1(g + 1)1(n + g)1 (n + 1)0(g + 1)0(n + g)0 (n + 1)0(g + 1)0(n + g)0S*CF (n + 1)1(g + 1)1(n + g)0 (n + 1)0(g + 1)1(n + g)0 (n + 1)0(g + 1)1(n + g)0Elliptical platesSimply supported (soft type) (n2 + g2  1)1 (n2 + g2  1)0 (n2 + g2  1)0
clamped (n2 + g2  1)1 (n2 + g2  1)1 (n2 + g2  1)1References
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